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Abstract 

Noncommutative Maxwell-Chern-Simons theory in 3-dimensions is denned in terms 
of star product and noncommutative fields. Seiberg-Witten map is employed to write it 
in terms of ordinary fields. A parent action is introduced and the dual action is derived. 
For spatial noncommutativity it is studied up to second order in the noncommutativity 
parameter 6. A new noncommutative Chern-Simons action is defined in terms of ordinary 
fields, inspired by the dual action. Moreover, a transformation between noncommuting 
and ordinary fields is proposed. 
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1 Introduction 



An equivalence of "ordinary" (commutative) and noncommutative gauge fields leads to 
a transformation between them which is known as Seiberg-Witten (SW) map 1 . This 
permits one to study noncommutative gauge theories in terms of ordinary fields. In fact, 
in |5] (S) duality is incorporated into noncommutative Maxwell theory action in terms 
of ordinary fields after performing SW map. In 4-dimensions if the original theory is 
noncommutative Maxwell theory where noncommutativity is spatial, its dual theory is a 
noncommutative gauge theory whose time variable is effectively noncommuting with the 
other coordinates [2]. This interesting phenomenon is a consequence of the fact that the 
duality transformation includes 4-dimensional totally antisymmetric tensor. 

In 3-dimensions the most extensively studied duality is between Maxwell-Chern- 
Simons (MCS) theory and self dual theory 0. It leads to two equivalent descriptions 
of the dynamics of massive spin-1 field. One of its most known applications is bosoniza- 
tion in 3-dimensions 0. We wonder what would be the consequences of generalization of 
this duality to noncommutative MCS theory. In and some generalizations of the 
mentioned duality to noncommutative theories are investigated in terms of noncommuting 
fields. However, duality can also be studied employing ordinary fields in the spirit of 0- 
Although at first sight this can appear to be trivial due to the fact that 3-dimensional 
noncommutative Chern-Simons (CS) action becomes the usual CS action in terms of SW 
map|7)-[TU|. we will show that it gives nontrivial results. 

We write 3-dimensional noncommutative MCS action in terms of ordinary gauge fields 
utilizing SW map. We introduce a parent action in terms of ordinary fields to obtain the 
dual description. We study the dual action up to the second order in the noncommutativity 
parameter 9, when we let only spatial noncommutativity. Once the dual description is 
obtained it inspires a new noncommutative CS theory in terms of ordinary gauge fields. 
We discuss equations of motion following from this new action. Moreover, we propose 
to write it in terms of noncommuting fields as the simplest generalization of abelian CS 
action. This leads to an explicit transformation between noncommutative and ordinary 



2 Duality and Noncommutative MCS Theory 



It is well known that noncommutativity between coordinates can be introduced in terms 
of the star product 



where Q^ v are antisymmetric constant parameters. Thus, one retains coordinates com- 
muting under the usual product. 

Noncommutative MCS theory in 3-dimensions can be defined as 



fields. 




(1) 



S = Sm + Scs 



(2) 



in terms of the noncommutative CS action 
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and the noncommutative Maxwell theory 

Sm = ~\J d 3 xF^F^. (4) 

We employed the noncommutative field strength: 

Fpv = dpK - d v A p - iAn *A V + iA v * i M . (5) 

A^ are not operators but they are called noncommutative gauge fields in the sense that 
they take values in noncommutative space. 

One can show that the noncommutative MCS action is invariant under the gauge 
transformations 

8 % A» = d^X + iX * A» - iA^ * A. (6) 

The equivalence relation between the noncommuting A**, A and the ordinary (com- 
muting) gauge fields and gauge parameter A^ 1 , X : 

> (A) + 5 X A» (A) = A" (A + 5\A) , (7) 

leads to the SW mappQ. To the first order in 9 it is written explicitly as 

A» = A"-OP v (A p d v A tt -±A,,a ll A v ). (8) 

When the change of variables which follows from J7J is performed the noncommutative 
CS action 10 becomes the usual action|7] 

Scs = Y eflU " J d 3 xA^A p . (9) 
Thus, in terms of the SW map the action (J2J can be expressed as 

S = J #*\~\ [ V" + F )] + y^M^^Apj , (10) 
where the 9 dependent part can be written as 

C(d,F) = L B {F) + L 02 {F) + ■ ■ ■ . 

Lgn is at the nth order in 9. In the following we will use only the first and the second order 
terms, which can be written as [2] 

L e (F) = 26 liV F u PF pa F^ - UO^F^ F pa F>"> , (11) 
L 6 2 (F) = 29 lJf2 F»P9 pa F< 75 F Si F^ + 9 pv F v PF pa 9 a& F 5£ F^ + 9 pl/ F^9 pr7 F^F iS F s P 

-l(9 P „F^) 2 F pa F°» + -O^F^e^F^Fs^ 5 . (12) 
Let us introduce the parent action 

S = J d 3 x{ - e^PB^Ap + \b p BP + ^p A^A, 

-l[L {F) + L e ,{F) + ■■■]). (13) 
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Equations of motion with respect to B p are 



B„ 



When we substitute i? M with this in (|13fl the noncommutative MCS action (|10|) follows. 
On the other hand the equations of motion with respect to 



e^(B p - mA p ) - 



1 5C 



2SF, 



can be solved for A^ as 



A h 



—B„ + —b„ 



,B) 



= 0, 



m m 

We defined b p (9, B) in terms of the equation 

k m 

where H = dB, h{9, B) = db(9, B) and 



bfi (9,B) + -e llvp 1C v e p (- + 



(14) 
(15) 

(16) 



_ SC{9,F) 



6F pu 



Obviously, b^(9,B) can be expanded in powers of 9 as 

b»{9,B) =b% + b% 2 + ---. 
When we plug the solution (jl5(l into l|13|) the dual of noncommutative MCS action follows: 

Sd =Jd 3 x [^B^ + ^e llvp [B^d v BP + b^{9,B)d v bP{9,B)] 



H h(9,B) 



)}■ 



(17) 



In the most general case we can add to the solution l|15(l the term d^n, where k is an 
arbitrary function. However, this alters the dual action (|17|l only up to a surface term 
which we can drop. Obviously, this is equivalent to choose a vanishing k. 

When the noncommutativity is along the spatial coordinates: 



gii =Qe ij , 9° l = 0, 
the first order term can be written as 

L g {F) = 9F 12 F fl „F» v . 

Now, we can solve (|16|l to obtain 

be = At [H^uH^ + 2H 12 H 12 ] 

Oq — — 7;tlY2tl{Y2, 

m z 

bg = — xHxzHxq. 



(18) 
(19) 



(20) 
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When we use these in (|17H explicit form of the dual action to the second order in 8 follows. 
To the second order in 8 (|17|l can be written as 



■b'n 



~L 2 (—) + (H v Ph epa H^ + 2H v PH pa h^) 

4 \ m I Tji 

12 

777? 



V {h» v H pa HP° + 2H^h dpa HP°) }, 



where = 8% - d"b%. 

Although, the dual actions and H±7|l are obtained from the parent action (|13fl . it 
is not guaranteed that they yield the same partition function. Indeed, we deal only with 
the classical aspects. Quantum corrections may oblige us to regulate the action 0, 
which is not addressed in this work. 



3 A New Noncommutative CS Theory 

When SW map is employed the noncommutative CS action becomes the ordinary CS 
action Q 7 . Thus, a noncommutative CS theory formulated in terms of the ordinary 
gauge fields A p and the noncommutativity parameter 8 is not available. However, we can 
utilize the action Sd (|17J) to define a new noncommutative abelian CS theory in terms of 
the ordinary gauge fields B^ and the noncommutativity parameter 8 plJ : 

Setting 8P V — and dropping the ordinary mass term B 2 in Sd (|17J) lead to the 
ordinary abelian CS action: 

M f 

Scs[B] = Yj d3x W^^B", (21) 

where M = 1/m. We would like to take advantage of this observation to define a new 
noncommutative abelian CS theory in terms of the ordinary gauge fields B^ as 

Sncs = J d 3 x I ye w [B»d v BP + b»{8, B)d' J bP{8, B)} - X -L {8, ME + Mh(6, B))} , 

(22) 

by dropping the B 2 term in l|17f) . Obviously, this action is invariant under the abelian 
gauge transformations 8B^ = d p X and yields the ordinary CS theory (|21|l when one sets 
9 = 0. 

Equations of motion are 

e pvp d v {BP + V(B, B))) - 4e aup 8 K [G^(H)d^] = 0, (23) 

where we defined 

Ml). GWff)j 3 (l _„, (24) 
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Observe that the simplest solution of (|23[l is 



H"" = 0, 

which is independent of 9. To the first order in 8 the equations of motion l|23[l get the 
simple form 

t^ P d v {BP + b p e ) = {). (25) 

The SW map expresses the noncommutative gauge fields A^ in terms of the or- 
dinary gauge fields A p utilizing the equivalence relation JHJ. A transformation between 
noncommutative and ordinary fields can also be derived by assuming an equivalence rela- 
tion between the action IL'l'l) and another one written by introducing some fields B(B, 8) 
taking values in noncommutative space. However, there is no unique choice for the latter 
action. One should make an assumption about the form of the action in terms of the non- 
commuting fields B(B,6). Let us suppose that the action in terms of the noncommutative 
fields B(B, 6), is in the same form as the abelian CS theory: 

m r 

Sncs = yJ d 3 xe^ p B^B, 6)d"B p {B, 9). (26) 

One can show that there exists a transformation between B fl (B,9) and B p . Indeed, one 
can solve for B perturbatively in 9. At the first order in 9 one should solve 

e^pBgHP" = Lg(MH), (27) 

where Bg = dB p /d8\g = o. There is not a unique solution. For instance, when the noncom- 
mutativity is only spatial (|18J) . a solution is 

A 18 

B p = ^-H 21 e^H vp . 

Although the assumption l|26|l is very plausible, in principle one may define some 
other actions in terms of fields taking values in noncommutative space. Nevertheless, the 
assumed form of the action (|26|l is shown to yield a map between the noncommutative 
gauge fields B P (B, 9) and the ordinary ones B 11 which is not the SW map ©. Moreover, 
the form of the action l|26|) can be useful to generalize this construction to nonabelian 
gauge theories. 

Acknowledgment: I would like to thank referee for useful comments. 



6 



References 

[1] N. Seiberg and E. Witten, JHEP 9909 (1999) 032,|hep~th/9908142 



[2] O.J. Ganor, G. Rajesh and S. Sethi, Phys. Rev. D 62 (2000) 125008, hep-th/0005046 
[3] S. Deser and R. Jackiw, Phys. Lett. B 139 (1984) 371. 



[4] E. Fradkin and F.A. Schaposnik, Phys. Lett. B 338 (1994) 253, hep-th/9407182 

[5] S. Ghosh, Gauge invariance and duality in the noncommutative plane, 



hep-th/0210107 



[6] M.B. Cantcheff and P. Minces, Duality between noncommutative YMCS and non- 
abelian self-dual model, hep-th/02 12031 



[7] N. Grandi and G.A. Silva, Phys. Lett. B 507 (2001) 345, hep-th/0010113 



[8] A.P. Polychronakos, Annals of Phys. 301 (2002) 174, hep-th/0206013 



[9] K. Kaminsky, Y. Okawa and H. Ooguri, Quantum aspects of SW map in noncommu- 
tative CS theory, |hep-th7 0301133 

[10] R. Banerjee, Anomalies in noncommutative gauge theories, SW transformations and 



RR couplings, hep-th/0301174 



7 



